Spectral density matrix of a single photon measured by Wasilewski, Wojciech et al.
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We propose and demonstrate a method for measuring the spetral density matrix of a single
photon pulse. The method is based on registering Hong-Ou-Mandel interferene between photon
to be measured and a pair of attenuated and suitably delayed laser pulses desribed by a known
spetral amplitude. The density matrix is retrieved from a two-dimensional interferogram of oin-
idene ounts. The method has been implemented for a type-I downonversion soure, pumped by
ultrashort laser pulses. The experimental results agree well with a theoretial model whih takes
into aount the temporal as well as spatial eets in the soure.
Development of single photon soures brings the
promise of implementing novel quantum-enhaned teh-
nologies. In many appliations, inluding quantum om-
puting based on linear optis [1℄ photon soures are re-
quired not only to deliver single light quanta, but also to
supply them in a well dened mode. This is a neessary
ondition for quantum interferene between independent
soures [2℄ whih is required in the above shemes. Also
observation of three and more photon interferene eets
puts stringent requirements on the soures [3℄. Besides,
haraterizing single photons is also interesting from the
fundamental point of view. Historially photons were
rst desribed within the framework of quantum eld the-
ory (see [4℄ for a review) but more reently it was pointed
out that a photon wave funtion an be introdued [4, 5℄.
This kind of desription, generalized by the introdution
of the density matrix onstruted out of projetors on
the states with spei wavefuntions, seems to be the
most elegant and eetive theoretial tool for developing
quantum-enhaned tehnologies [6℄.
Up till now measurements of polarization [7℄ and spa-
tial density matrix [8℄ of a single photon were reported.
The temporal harateristis of single photons were as-
sessed only by verifying whether they interfere with other
soures [9, 10℄ or between themselves [11℄. In this Let-
ter we propose and demonstrate a method for omplete
haraterization of the temporal degree of freedom: a
measurement of the spetral density matrix of a single
photon. We show that the two-dimensional map of oin-
idene ounts reorded as a funtion of delays between
an unknown photon and a pair of weak referene pulses
an be used to reonstrut the magnitude and the phase
of the density matrix. We present a measurement for a
type-I spontaneous down-onversion proess in a bulk β-
barium borate (BBO) rystal, and ompare the results
of the reonstrution with theoretial preditions.
When a single photon is launhed into a singlemode
ber, the situation is signiantly simplied sine the
spatial mode is well dened. If moreover polarization
of the photons is xed, the only remaining degree of free-
dom is the spetral one. In this ase a single photon
omponent of the eld an be desribed by the following
density operator:
ρˆ =
∫∫
dωdω′ρ(ω, ω′)aˆ†(ω)|0〉〈0|aˆ(ω′) (1)
where aˆ(ω) is an operator annihilating photon of fre-
queny ω in the ber, while ρ(ω, ω′) is a density matrix
of a single photon given in the spetral domain.
Our method for measuring ρ(ω, ω′) is based on the
Hong-Ou-Mandel interferene eet between the single
photon to be haraterized and a loal osillator (LO)
pulse of known shape attenuated to a single photon level.
The visibility of the two-photon interferene dip is pro-
portional to the overlap between the modes of interfering
photons. Figuratively speaking, by modulating the loal
osillator spetral amplitude and measuring the dip we
an examine the single photon wavefuntion from many
diretions. For a suitable lass of LO pulses this sues
to retrieve the spetral density matrix of a single pho-
ton. In a broad sense, our experiment is a single photon
analog of the homodyne method for measuring quantum
orrelations within a light pulse [12℄. Indeed the den-
sity matrix desribes orrelations within a single photon
pulse.
The method is presented in Fig. 1. The rst part is
a Mihelson interferometer whih serves as a LO pulse
modulator. The seond part is the beamsplitter on whih
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FIG. 1: (Color online) Sheme of the experiment. A weak
laser pulses desribed by a spetral amplitude A(ω) enter a
Mihelon interferometer, omprising mirrors M1 and M2 and
a 50/50 beamsplitter BS1, in whih a double pulse of the loal
osillator φLO(ω) is produed. Then the LO interferes with
an unknown photon desribed by the density operator ρˆ on
a 50/50 beamsplitter BS2 and may give rise to a oinidene
lik of the detetors D1 and D2.
2the Hong-Ou-Mandel interferene ours. When a mas-
ter laser pulse desribed by a spetral amplitude funtion
A(ω) enters the interferometer, it is split into two pulse-
lets entered around delays t1 and t2 determined by the
length of the arms in the interferometer. If both pulselets
overlap, they interfere on the beamsplitter and depend-
ing on the preise value of their relative delay t2 − t1 the
input pulse energy is direted alternatively towards the
output of the interferometer or bak to the laser. The
normalized spetral amplitude of loal osillator pulses
prepared this way reads:
φLO(ω) = A(ω)
exp(−iωt1) + exp(−iωt2)√
2S(t2 − t1)
(2)
where S(t2 − t1) is a normalizing funtion equal to the
probability that a single photon will pass through the
Mihelson interferometer. The modulated LO pulses in-
terfere with unknown single photons on a 50/50 beam-
splitter BS2. If the master laser pulse ontains a photon
with probability l, while the soure produes photon de-
sribed by spetral density matrix ρ(ω, ω′) with proba-
bility f per pulse, we an alulate the probability of reg-
istering oinidene with detetors of quantum eieny
η to be [6℄:
pc(t1, t2) = flS(t2 − t1)
η2
2
[1−Q(t1, t2)] , (3)
where we have assumed that eah of the input
states ontains at most one photon and Q(t1, t2) =∫∫
dωdω′ φ∗
LO
(ω)ρ(ω, ω′)φLO(ω
′) is an overlap between
the loal osillator φLO(ω) and the density matrix
ρ(ω, ω′). We an partially evaluate Q(t1, t2) using
Eq. (2):
Q(t1, t2) =
D(t1) +D(t2) + 2Reρ˜(t1, t2)
2S(t2 − t1)
(4)
where Re stands for real part, while
ρ˜(t1, t2) =
∫∫
dω1dω2 e
iω1t1−iω2t2
A∗(ω1)ρ(ω1, ω2)A(ω2) (5)
is the inverse Fourier transform of a density matrix re-
stried to the spetral domain of the master laser pulses
and D(t) = ρ˜(t, t) is the funtion desribing the standard
Hong-Ou-Mandel interferene dip. Inserting Eq. (4) into
Eq. (3) yields:
Npc(t1, t2) = 2S(t2 − t1)− 2Reρ˜(t1, t2)−D(t1)−D(t2)
(6)
where N is a normalization fator ombining the proba-
bilities of deteting photon from the master laser l and
the soure f , as well as detetor eieny η. At this
point let us note that the density matrix ρ(ω, ω′) is
nonzero only near some point in the frequeny spae
ω = ω′ = ω0 in ase of narrowband photons, where
ω0 is the entral frequeny of the single photons whih
we will assume to be equal to the entral frequeny of
the master laser. Therefore Reρ˜(t1, t2) osillates like
cos[ω0(t2 − t1)]. Also S(t2 − t1) ontains suh osilla-
tions. On the other hand D(t) is a slowly varying fun-
tion of its argument. Therefore individual omponents
of the right hand side of Eq. (6) an be separated in the
frequeny domain. Let us apply the Fourier transform∫∫
dt1dt2 exp(−iω1t1 + iω2t2) . . . to both sides of Eq. (6)
and rearrange terms:
A∗(ω1)ρ(ω1, ω2)A(ω2)+A(−ω1)ρ
∗(−ω1,−ω2)A
∗(−ω2)
= δ(ω1 − ω2)|A(ω1 + ω2)|
2 −Np˜c(ω1, ω2) + . . . (7)
where by dots we have denoted Fourier transform of
D(t1) and D(t2), while p˜c(ω1, ω2) is the Fourier trans-
form of oinidene ounts. Additionally we used the
fat that |A(ω)|2 is the Fourier transform of S(t).
In the experiment we an diretly measure pc(t1, t2) as
a funtion of t1 and t2. In the ase of narrowband sin-
gle photons retrieving of the spetral density matrix runs
the following way: rst Fourier transform of pc(t1, t2) is
omputed. A region in the frequeny spae where on-
tribution from S(t2 − t1) and ρ˜(t1, t2) lies is separated.
Next, a large ontribution from S(t2 − t1) is alulated
and subsequently subtrated by measuring pc(t1, t2) for
large t1 and t2 where ρ˜(t1, t2) is zero. This way we
obtain the Fourier transform of ρ˜(t1, t2), whih equals
A∗(ω1)ρ(ω1, ω2)A(ω2). It is divided by spetral ampli-
tude of master laser pulses A(ω), whih is measured sep-
arately and nally ρ(ω1, ω2) is found. Note that the last
step is well dened only for single photons of bandwidth
narrower than that of the master laser.
To illustrate the above dry formulas a typial oin-
idene pattern and its Fourier transform are depited
in Fig. 2. The diagonal fringes in Fig. 2(a) ome from
S(t2 − t1), the vertial and horizontal stripes from D(t1)
and D(t2) while the most interesting term ρ˜(t1, t2) on-
tributes only in the very enter of the piture. It is easier
identied in Fourier transform plot in Fig. 2(b) where
a diagonal loud orresponds to A∗(ω1)ρ(ω1, ω2)A(ω2),
D(t1) and D(t2) ontribute a ross arround zero fre-
queny while Fourier transform of S(t2 − t1) is seen as a
ridge along ω1 = ω2.
In the above derivations we have assumed interferene
between single photons. In our experiment, in fat we
interfere a weak oherent state with a multimode ther-
mal state. Whereas the visibility of suh interferene an
be exatly alulated using the semilassial theory [10℄,
two photon terms of the oherent state and the thermal
state ontribute only towards a onstant bakground of
oinidene ounts. However, the shape of the interfer-
ene pattern does haraterize the single photon ompo-
nent of the signal eld. Its density matrix an still be
retrieved in the way desribed above.
3(a)
(b)
FIG. 2: (a) A typial oinidene interferogram as a fun-
tion of delays t1 and t2 and (b) its Fourier transform. The
blak parallelogram in (a) denes the san range, whih with
suitable sampling density yields the region of interest in the
frequeny domain, outlined in (b).
Our experimental setup is depited in the Fig. 3. The
master laser (RegA 9000 from Coherent) produes a train
of 165 fs FWHM long pulses at a 300kHz repetition rate
entered at 774 nm, of whih we use 300 mW average
power. Most of the energy goes to the seond harmoni
generator, based on a 1 mm thik BBO rystal ut for
RegA
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FIG. 3: (Color online) The experimental setup. BS, beam-
splitter; FL, fousing lens; XSH, BBO rystal for generation of
the seond harmoni; IL, imaging lens; DM dihroi mirrors;
BG, blue glass lter; X, downonversion rystal; IF, interfer-
ene lter; FC, ber oupling stage, HWP, half waveplate; P,
polarizer; ND, neutral density lter; FPC, ber polarization
ontroler; D1 and D2, single photon ounting modules.
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FIG. 4: Spetral intensity |A(ω)|2 (solid line) and phase
argA(ω) (dashed line) of the master laser pulse retrieved us-
ing FROG.
type-I proess. Ultraviolet pulses produed this way have
1.3nm bandwidth and 30 mW average power. They are
ltered out of fundamental using a pair of dihroi mir-
rors DM and a olor glass lter BG (Shott BG39), and
imaged using 20m foal length lens IL on a downover-
sion rystal X, where they form a spot measured to be
155 µm in diameter. The rystal X is a 1 mm thik BBO
rystal ut a 29.7◦ to the opti axis, and oriented for max-
imum soure intensity. A portion of down-onverted light
propagating at an angle of 2.5◦ to the pump beam passes
through a 10nm interferene lter entered at 774.5nm
and is oupled into a single mode ber. This denes the
spatial mode in whih the down-onversion is observed
[13℄. About 4% of energy of master laser pulses is re-
eted towards an LO preparation arm. The pulses rst
go through a half wave plate HWP and a polarizer P
allowing for ne ontrol of the energy. Then they are de-
layed in a omputer-ontrolled delay line. Next the pulses
enter a Mihelson interferometer in whih one mirror
moves on a preision omputer ontrolled stage allowing
for generation of double pulses with a well-dened tem-
poral separation ∆t = t2 − t1. Finally the double pulses
are attenuated to ontain less than 0.1 photon on average
and oupled to a single mode ber, where their polariza-
tion is adjusted using a ber polarization ontroller FPC
to math the polarization of the photon oming from the
downonversion soure. Both the downonversion and
loal osillator photons interfere in a 50/50 singlemode
ber oupler and are deteted using single photon ount-
ing modules SPCM (PerkinElmer SPCM-AQR-14-FC)
onneted to fast oinidene ounting eletronis (suit-
ably programmed Virtex4 protype board ML403 from
Xilinx) deteting events in oinidene with master laser
pulses.
For alulating the atual density matrix of unknown
single photons, a haraterization of master laser pulses
was neessary. This was aomplished using Frequeny-
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FIG. 5: (Color online) Contour plot of the measured spe-
tral density matrix ρ(ω,ω′) as a funtion of wavelengths
λ = 2pic/ω (solid lines) and a theoretial predition for this
quantity (dashed red lines). The ontour were drawn at 0.75,
0.5 and 0.25 of the maximum values, the outermost enirles
7×5 experimental data points.
Resolved Optial Gating (FROG) tehnique [14℄. Re-
trieved spetral intensity |A(ω)|2 and phase argA(ω) are
plotted in Fig. 4. Preise knowledge of the master laser
pulses allowed us also to alulate the seond harmoni
pulse using perturbative approah.
The omplete measurement onsisted in a series of 6
sans of a retangular grid depited in Fig. 2(a) spanned
by 4000×25 points, where the latter number refers to the
diretion along the fringes. The orresponding mesh was
0.233 fs × 66 fs, and oinidenes were ounted for 80 ms
at eah point. The reonstruted spetral density ma-
trix of a single photon is depited in Fig. 5. We ompare
it with theoretial alulations plotted with dashed lines
in the same gure. The theoretial model used in these
alulations assumed the exat phase mathing funtion
of the nonlinear rystal and the ultraviolet pump pulse
shape omputed from the measured A(ω). The trans-
verse omponents of the wave vetors for the pump and
down-onverted beams were treated in the paraxial ap-
proximation. The spetral density matrix was alulated
for oherent superpositions of plane-wave omponents of
the down-onversion light that add up to loalized spatial
modes dened by the olleting optis and single-mode
ber. The other photon from the soure, whih remains
undeteted, was traed out assuming that it an prop-
agate at any diretion and have any frequeny that is
onsistent with the onservation of energy and perpen-
diular momentum in the downonversion rystal. As
seen in Fig. 5 the theoretial alulations predit more
pronouned orrelations i.e. smaller width along the an-
tidiagonal ρ(ω0 + δ, ω0 − δ) than was atually measured.
We attribute this disrepany to a dierene between the
atual ultraviolet pump pulse shape and the one alu-
lated from A(ω). Also the tips of the density matrix are
measured with redued auray, sine in that regions the
raw experimental result is divided by a relatively small
master laser spetral intensity A(ω) whih amplies er-
rors. The theoretial model predits the phase of the den-
sity matrix to be smaller than pi/30 in the region bounded
by the ontour at 0.25 maximum. The measured phase
in this region is smaller than pi/10 and varies randomly
from point to point.
In summary, we proposed and demonstrated a method
for measuring the spetral density matrix of a single
photon omponent of the eletromagneti eld in a sin-
glemode ber. The method is based on two photon
interferene and is thus limited to the spetral range
where known referene pulses are available, however it
allows for retrieving both amplitude as well as phase of
the density matrix. We have applied this method to a
downonversion-based soure of single photons and found
that measured density matrix agrees with theoretial pre-
ditions.
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